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IIpumep 3. M306pasuTh HA KOOPAMHATHOM ILJIOC-
KOCTH MHOXXECTBO PeIleHHI CHCTeMbl HepaBeHCTB

x =0,
y=20,
xy > 4,
x+y<3y.

Pemenne. I'eomeTpirueckuM H300paskeHHEM pe-
x =0,
y=20
CTBO TOYEK IIEPBOr0 KoopamHaTHOro yrJa (pumc. 1.97).
T'eomerpuueckuM H300pa’KeHUEM peIleHUN HepaBeHCT-
Bax +y <5umuy <5 — x ABIAETCA MHOXKECTBO TOYEK,
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JeKallNX HuoKe npaAMoH, ciyskaieil rpadukoM hyHK-
oun y = 5 ~ x (puc. 1.98). Hakonern, reoMmeTpuuecKHM
n3obparkeHHeM pellleHHIl HepaBeHCTBa Xy > 4 uiu, INo-

CKOJIBKY X > 0, HepaBeHCTBA § > 4 apnserca mMHOMeCT-
x

BO TOUEK, JeXallllX BbIIlIe BE€TBH I‘HHBpﬁOJIbI, cayaxa-

e rpapMkoM QPyHKIUN Yy = 4 (puc. 1.99). B urore
. Y X

noJyvaeM MHOMECTBO TOUeK KOOPAWHATHOM MJIOCKOCTH,
JIeXKallluX B IEPBOM KOOPAMHATHOM YIJIYy HUXKe IPAMOit,
cayskamel rpadpukoM QYHKLIHU y = 5 — X, U BBillle

runepbosbl, cayKaluei rpa(pﬁROM GYyHRUMKA Yy = ;

(puc. 1.100).
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SNEMEHTbI MATEMATUYECKOIO AHAJI3A

§ 17. Npepen pyHkUUN

143. lpenea dyurunu y = f(x) npn x — ©, T'opu-
30HTaabHAA acumnrora. Yucno b HaswsiBatoT npede-
aom pynryuu y = f(x) npu cmpemnenuu x x +0,
ecJIy, KaKoe Obl upcsio € > 0 HM B3ATH, HalgeTcAa YMCI0
M > 0 TakKoe, 4To AJd BCeX x > M BBITOJHAETCA HEPa-

BeHCTBO | f(x) — b| < ¢. Mumyr lim f(x) = b.

X — +00
FeomeTpuyeckn aT0 03HA- y
yaer, uTO rpadux (HyHKIIAHU y=b

y = f(x) npu BeIGOpPE JOCTa-
TOYHO GOJIBLINX 3HAUEHMIT X ﬂ)—
GesrpaHUYHO NpROIHKAETCA /

K npamoii y = b (puc. 1.101),

T.e. PACCTOSSHME OT TOUKH / 0 *
rpaduxa no npsamoil y = b no
Mepe yZajieHUst abciucesl x

OT HAYaJa KOOPAUHAT MOJKET GBITh CAEJNAaH0 MEHbIe
aboro yucaa € > 0.

Puc. 1.101

144. Ilpepen dysrouu npu x — a. Henpepoisnbie
byuxunu. Paccmorpum QyHKUuH § = f(x). y = g(x) n
y = h(x), rpaduKu KOTOPBIX M300pa’KeHbl HA PUCYH-
Kax 1.102-1.104. 310 pasHbie (GyHKIHNU, OHH OTJIHYA-

Y ¥ = f(x) y y = &(x) y y = h(x)
h(a) |
b b b4
0 a x 0 a x 0 a x
a) 6) - 8)

Pnc. 1.102 Pue. 1.103 Pue, 1,104
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I0TCSA CBOUM IIOBEJIeHHEeM B TOuKe X = a. Ecau ixe x = a,
10 f(x) = g(x) = h(x). Bo Bcex Tpex ciaydyasax sameua-
eM, 4TO 4eM OJumKe X K a, TeM MeHbLIIle OTIUYAEeTCHA
3HayeHHe GyHKIMNY f(x), wau g(x), nau h(x) or uucia
b — 3TO oTIAMUYMe XapaKTepU3yeTCA BbIpasKeHHUEM CO-
orBeTcTBeHHO | f(x) - b, | g(x) — b |, | A(x) = b |. Ona
a1000it U3 paccMaTpUBaeMbIX (DYHKIMHA TOBOPAT, YTO
npeden (yHKyUU npu cmpemaeHuUUu X K a4 pasen b;

OUInyT cooTBeTcTBeHHO: lim f(x) = b, limg(x) = b,
x—4a X —a

lim A(x) = b.

x—a

ITonuepkHeM emre pas, 4To 3HAYEHHE QYHKIIUH B ca-
MOif TOuKe a (1 jaske caM (PaxkT CyINeCTBOBAHHA HJIU
HeCyIIeCTBOBAHMUA 3TOTO 3HAYEHUS) He IPUHHUMAETCA
BO BHUMAaHHeE.

Onpepenenne GopMyaHpyeTes TaK: Yucao b HasEI-
BaloT npegenoM QyHKOUM y = f(x) OIpu CTPEMIEHUH X
K a, ecnu, Kaxoe 0b1 uMcso € > () HU B34ATH, A BCeX I0-
CTATOYHO OGIM3KUX K @ 3HAYEHHH X, T. e. IJIS BCeX X U3
HEKOTOPO! OKPECTHOCTH TOUKH ¢, HCKAUAs, OLITh MO-
JKeT, caMy 3TY TOUKY, OYAeT BhIIOJIHSITLCSI HEPABEHCTBO
| f(x)-b] <e.

Bepnemca eme pas Kk pucynky 1.102. 3ameuaem,
uyTo Ana QyHKNIHH y = f(x), rpaduk Koropoii nzobpa-
’KeH Ha pucyHke 1.102, BninosuHsercsa paBeHCTBO b =

= f(a), . e. lim f(x) = f(a). Ecnu lim f(x) = f(a), To

bynruo y = f(X) HASBIBAIOT HenpepviHOil 8 Moiie a.
Ecnu ¢pyHEKMA HempephIBHA B KaMK 0 TOUKe MHTEPBA-
Jaa (a; b), To ee HaSHIBAIOT HENPEPLIBHOU HA IMOM UH-
mepgaae. Ecain QpyHKIUA HenpepblBHA Ha WHTepBase
(a; b), onpeneneHa B TOYKaX @ ¥ b U IpH CTpeMJIEHUN
TOYKH X UHTEPBaja (a; b) K. TouxaM a M b 3HadeHusa
byHEnIM y = f(x) cCTpeMATCA COOTBETCTBEHHO K 3Haue-
wuam f(a), f(b), To bynrnuio y = f(x) HasBLIBAIOT Henpe-
pbieroilt na ompeske [a; b).
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'§ 18. MNpoussogHan v ee npUMeHeHus

145. Ilpupamenne aprymenrta. IIpupamenue pyHx-
uuu. Ilycts hyurnusa y = f(x) onpegesieEa B TOUKaX X
u xy. PasHOCTh X1 ~ X HA3LIBAIOT Npupaueruem apzy-

MeHnma, a pasHocTk f(x1) — f(x) — npupawenuem

¢yHKyUU TIPK Hepexofe OT 3Ha4YeHWd apryMeHTa X K
3HAYeHMIO aprymeHTa x;. IIpupamenue aprymeHra

o6o3nayvalor Ax; 3HaUuT, Ax =Xy — X, T. €. X1 = x + Ax.
Ilpupamenue GyHKuuu o6osHauaoT Af uan Ay:

Af = f(x1) — f(x) = f(x + Ax) — f(x).

Hanpumep, saiizem npupamesve GyHKIUK § = X
pH Imepexofe OT 3HAYeHUS apryMeHTa X K 3HAYEeHHIO
xy=x+ Ax.

Hmeem f(x) = x3, f(x+Ax)=(x + Ax)3. 3Hauur,

3

Af = f(x + Ax) - f(x) = (x + Ax)® - x =
= x3 + 3x2 cAx + 3x (Ax)z + (Ax)3_ x3 -
= 8x2 Ax + 3x (Ax)% + (Ax)3.

Urak, Af = (8x2+ 3x + Ax + (Ax)?) Ax. Ilo aroii
(dopMyJie MOXKHO BLIUHCAATL 3HAYeHNe Af AJa MI06BIX
3agaHHbIX ¥ U Ax. Hanpumep, npu x = 2, Ax = 0,1
uMeeMm: '

AF=12,1)~-f(2)=(3-22+3-2-0,1+0,1%)-0,1=1,261;
npu x = 1, Ax = -0,2 nonyuyaem:

Af=1(0,8)-f(1)=(3-12+3-1-(-0,2) +
+(=0,2)%) (=0,2) = —0,488.
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146. Onpenenenne mpoussognoii. [Iycts GyHKIIUA
Yy = f(x) onrpesesieHa B TOUKe X H B HEKOTOPOI OKpecT-
HOCTH 3To#1 TouKkH. [IycTh AX — mpupanieHue aprymex-
Ta, IPAYEM TaKOe, YTO TOYKA X + AX HPUHAAJIEIKUT
YKa3aHHOIl OKPECTHOCTH TOUKHU X, a Af — COOTBeTCT-
BYyIOLIlee Npupallesue GyHKIUHU, T. €.

Af = f(x + Ax) — f(x).

Ecau cymecTByeT npeses OTHOIIEHUA NTpUpPaIleHus
¢byErIME Af K IpUpPaIIEHUIO apryMesTa Ax IpH ycio-
BUH, 4TO Ax — 0, TO 3TOT npezie Ha3bIBAIOT JHAYCHUEM
npou3eodnoll gpynryuu y = f(x) 8 mouxe x n 0603Ha-
yaworT f'(x) uam y’, a yHKIuUo y = f(x) Has3sIBAOT OUd-
hepenyupyemoit 6 mouke x.

HUrak,

s Af s flx+Ax)-f(x)
f(x)y=y’= lim =X = lim ;
Y Ax—0 A Ax—0 Ax
f'(x) — aro HOBast QyHKIMA, OIIpesesIeHHAs BO BCEX Ta-
KHX TOUKAX X, B KOTOPbIX CYILECTBYET YKA3AHHBIA BBI-
me npeaes; 3Ty (DYHKIUIO HA3BIBAIOT NPOUIBOOHOI
pynryuu y = f(x).

IIpumep 1. Haiitu f'(2), ecnu f(x) = x2.
Pemenue,.

f(2)=22 =4, f(2 + Ax) = (2 + Ax)?,
Af=f(2 + Ax) - f(2) = (2 + Ax)? - 4 = 4Ax + (Ax)>.

2
Torma & = 48x+(AX)° _ 4 o Ay a lim 2f =
Ax Ax _ Ax — 0 Ax

= lim (4 + Ax) = 4.
Ax — 0
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Suauur, f(2) =4

Onupasce Ha onpeaeseHre, MOXKHO PeKOMEHIOBATH CJIe-
OVIOMIH NIJIAaH OTHBICKAHMUS NPDOM3BOJLZHOMN
bynrnun y = f(x):

1) puxcupyeM 3HayeHue X, HaXoaAUM [(x);

2) maemM aprymMeHTy Xx IpupalleHue Ax, HaXOZUM
f(x + Ax);

3) BeiuucaseM npupainenue gyakiuu Af = f(x +
+Ax) - f(x);

Af

4) cocTaBnsieM OTHOIIEHHE T ;

Af

5) HaxoouM npeaes OTHOINEeHHN A v npu Ax — 0.

IIpumep 2. HaliTu npou3BOAHYIO DYHKIHH J = x3.

Pemen ue:

1) f(x) = x%;

2) f(x + Ax) = (x + Ax)3;

3YAf = f(x + Ax) - f(x) = (x + Ax)3 — x3 = (3x% +
+3x - Ax + (Ax)z)Ax (cm. 1. 145);

4) Af —3x2+3x Ax + (Ax)?;
Ax )

5) lim A1 = lim (3x2 + 3x- Ax + (Ax)®) = 3x2 +
Ax — 0 Ax Ax— 0

+3x -0+ 02 =3x2,
Hraxk, (x3) = 3x°,

147. ®opmyast auddepenyupoBanusa. Tabauua
npou3BogHbIX. Omepaiui0 OTHICKAHUA IIPOU3BOAHOM
HAa3BIBAIOT Jugepenyuposaruem. B . 146 nonyqua .
ogHa u3 popmya auddepeHIHPOBaAHNA: (x3)’ = 3x2. Mo
TAKOMY JKe IJIaHY MOXKHO BbIBECTH OCTaJbHbIEe (hopMy-
JIBI, KOTOPBIe IPUBEAeHbl HUXe,
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1. (Cy = 0. ' y 1
10. (t = .
2. (kx + b)Y =k (tg ) cos2x
’ o -1
3. (xl‘) =rx" "% 11. (ctg x)’ = — '12 .
4. (ex)/z__ex. sSin“x
5. (a*)’ =a*In a. 12. (arcsin x)’ = 1
) 1-x2
6. (Inx)" = x’ 13. (arccos x)’ = — 1
. 1 1-x2
7. (1 f= .
(log, x) xlna 14. (arctg x)' = 1 5 -
8. (sin x)’ = cos x. 1+x
9. (cos x)’ = —sin x. 15. (arcctg x)’ = - 1.
1+x2

Hanpunmep, (2x — 3)’ = 2 (popmyna 2); (x10)’ = 10x9,
, : 3.’ 2
{ —aN/ — v 5 F
(L) =@ = 2%, (fxdy = (#9) = 2x7% op-
MmyJa 3); '
X\’ . EX . r 1 _
(5%) = 5% In 5 (dpopmyna 4); (1g x) Tinio (dbop

myna 7).

148. MuddepennmupoBaHue CyMMbl, NpPOHU3Beae-
HuA, 9acTHOr0. Ecin GyHKUAN u u v auddepeHIUpY-
€MbI B TOYKE X, TO!

1°. Ux cymma guddepeHnnpyeMa B TOUKE X U

w+v)y=u"+v
(meopema o duggepernyuposarnuu cymmet).

2°. dyaxnua Cu, rae C — nocrosHuas, auddepen-

nUpyeMa B TOUKE X U

(Cu)’ =Cu’
(meopema o 6viHeceHUU NOCMOAHH020 MHOMCUMENS 3Q
3HAK npou3eodHoil).
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3°. IlponaBenenue byHKkumii u u v gudpdepeHIIIPY-
€MO B TOUKEe X U
(uv) =u'v + uv’
(meopema o Ougpepenyuposanuu npou3eedenus).

4°, HactHoe hyHRIUHA u u v audbdepeHIUPYEMO B
TOUKEe X U

(E)' _u'v—uv
[ & 1)2
(meopema o Jdugphepenyuposanuu uacmmuozo, 30ech
v{x) # 0).

IIpumep 1. HaiiTu npousBogHyIo QyHKIINH

y=2sinx — cossx + 5.

Pemienue. Bocnonsaopasmmuces Teopemamu 1° u 2°,
HOIYy4IUM

(2sinx - c°35x +5)' = (2 sinx)’ + {—% cos x)' +5 =

=2(sinx) — % (cosx)’ +5°.

Ocranoch OIPUMEHHTH COOTBETCTBYOLUIHUE (POPMYJIBI Aud-
tepenntposannda (cMm. n. 147). [Monyuum

2cosx‘—% (—sinx)+0=Zcosx+% sin x.

Hrak, (ZSin X~ co,;x + 5) =2cos x + Slgx .
2
IIpumep 2. Haitru (x° logsx)’.
Pemenne. Bocriosb30BaBIinch TeOpeMon o gud-
thepeHIPOBAHUHU TTPOU3BEACHUS, OJYUUM

2 , 2
(x% loggx) = (x% logg x + x® (logs x)".
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Ocrajiochk TPMMEHUTH COOTBETCTBYIOUINE (DOPMYJIBI AU(-

3
depenrnposanua (cM. 1. 147). Tlonyaum %x 5 loggx +
2 1
+ x5 - .
* xIn3
2 ., B .
Urak, |x° = Z2x95 ] + £ =
TaK (x log;;x) =X 0g3x =5
-0,4Inx+1
W -In3
Mpumep 3. Boruucaurts f'(0), ecan f(x) = 22x I
o -

Pemenne. Crauana naiigem f'(x). BocmonnszoBas-
IUCh Teopemoit o nuddepeHUHPOBAHNY YACTHOTO, TI0-
NYIUM
f.(x)=(2x)'(x2 +1)-2%a%+1)'_ 2%In2-(x%+1)-2%-2x

(x%2+1)2 (x2+1)2

Teneps soruucaum f'(0):

, 20In2 .(02+1)-20.2.0 _
0)= =1n 2.
f(0) 071 1) n

149. ®usuyecknii cmpica npoussoguoi. Ecan s =
= s(t) — 3aKOH TIPAMOJIMHEINHOro JBUXKEHHUA, TO S'(f)
BbIpAXKaeT CKOPOCMb JGUNCEHUA 6 MOMEHM 6PeMEHU
t, T. e. U= 8'(t) (MrHOBeHHAsA CKOPOCTE).

Hanpumep, 3aKoH ¢cBOOOAHOIO IIaAEHUSI TeJIa BhIPA-

gt?

HACTCH JABHCHMOCTLIO § = =, Toraa ckopocTh naje-

HUA B MOMEHT ! TAKOBAa:

=g’ = .g_Lz), =£ 2,=g’ =
v=s (2 -2-(t) §2t gt.
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Boob6uie npoussogHaa QyHKOMHR ¥ = f(x) B TOUKE X
BBIPAYKAET CKOPOCMb UBMEHEHUS (PYHKUUL 8 MOYKe X,
T. €. CKOPOCTbh IPOTEKAHHA TIPOLiECCa, OTMHUCHEIBAEMOTO

3aBUCHUMOCTBIO Y = f(x). B aToM cocrout ghusuneckuit

cmuict npoussodnoil. Hanpumep, 1na QyHKUuN y = x?

umeeM f(x)=2x, upu x =2 umeem f(2)=4,anpu x =3
umeem f'(3) = 6. OTo 3HauUT, YTO B TOUKE. X = 2 (PYHK-
I[Ust U3MeHsAeTcs B 4 pa3a ObIcTpee apryMeHTa, a B TOU-
ke x = 3 — B 6 pas GuIicTpee.

150. Bropas npousBogHas H ee ((u3HUECKHIT
cmeied, Ilyers dyaknusa y = f(x) uMeeT NPOU3BOAHYIO.
IIpousBogHasi — a3To HOBasA PYHKIMA, KOTOpAasi, B CBOIO
ouepesb, MOXET HMeTh NPou3BogHy0. IIpomssoanyio
f’(x) Ha3BIBAIOT 8MOpoil npouseodnoit pyHrnuu y = f(x)
u oboaHavaror f*'(x) wau y”’.

Hpumep 1. Haiitu y”’, ecau y = x'0.

Pemenue. Umeem: (x10)" = 10x%, a (10x9)’ =
= 9048, Hrax, (x19)"" = 908,

Ecim s = §(t) — 3aKOH IPAMOJUHENTHOTO ABUIKEHU S,
TO BTOPAA IPOH3BOXHAA BHIDAXKaeT CKOPOCTb N3MEHe-

HHUS CKOPOCTH 9TOr'0 ABHKEHHS, T. €. YCKOpenue a =
= 8’’(t). B atom cocTouT (pu3uueckuil cmbici 8mopol

npou3eodnoil. _
Hpumep 2. MarepuasbHast TOUKa ABUMKETCH NPHA-
MOJIMHEHMHO IO 3aKOHY S = é—tl_l . Jokasars, uTo CHJAa,

JeHCTBYIOLIAN Ha TEJO, IPONOPIIHOHAILHA KYy0Oy Opoii-
J@HHOTO ITyTH. ‘

Pemienue. ITo Bropomy 3axony HrioTona, F =
= ma, rae F — cuia, peficTylouiad Ha TeJjo, a — yC-
KOpeHue, m — macca; a = 8§’’.
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Hneem:
s'=((2t- 1y ==(@2t-1)2-@2t-1)y=-2(2t-1)%
s”=(-22t-1%) =-2(-2)-2t-1)3-(2t-1) =
=8(2t-1)3=_28

(2t-1)8°
3uaauur, F = ma = _8m 8 ms3, T.e. cujga F
: (2t-1)3
I pPONOPIINOHAJBHA s3 (8m — koadduUIHeHT mporop-

IUOHAJIBHOCTH).

151. KacareasHad k rpaduky ¢pynxuuu. Kacameno-
nott x rpadury GyHkiuu y = f(x), auddeperuupyemon
B TOUKe X = @, Ha3bIBAIOT IPAMYIO, IPOXOAANIYIO Yeped
TouKy (a; f(a)) u¥ uMewmy0 yriaoBoi KoddbdHUIIIEeHT
f'(a). :
T'eomeTpuuecKuil CMBICJ 3TOT0 ONpEAENEeHHUA COCTOUT
B cienymomeM. Paccmorpum rpapuxr QyHKIUH Yy =
= f(x), anddepeHINpPpYyeMOi B TOYKE &, BBIAISIHM Ha HEM
touxky M (a; f(a)) u mpoBenem cexymyio M Py, rae Py —
TOUKa TrpaduKa, COOTBETCTBYIOLUASA 3HAYEHUIO apry-
menTa a + Ax (puc. 1.105). Yriosoit xospdunuesr

npamoit MP,; BrIYuCAA-

ercd 1o Gopmyne Ry =

= 8% (cm. m. 145).
Ax

o

y=1flx

Ecau touky P aBurate mo
rpabury, npubimxasa ee
K TouKe M, TO npamasa
MP HauHer IIOBOpauM-
BATBCA BOKpPYr Tourkm M
(za puc. 1.105 yrasans!
Puc. 1.105 JABa TNOJIOXKEHHUA TOYKH

0 la a-'}-Ax x
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P — Py u P,). Hame Bcero B 3TOM IIpolecce CeKyliad

MP cTpeMUTCA 3aHATH HEKOTOpOE IIPEJleJIbHOE IIOJIO-
JKeHHe. JTO IpehesbHOEe MOJIOXKeHHe IIPEACTAaB/IAET CO-
601 NpsAMY10, C KOTOPOH MpaKTUUECKHU CJIMBAEeTCA rpa-
bux GyHKIUYU y = f(X) B HEKOTOPONA OKPECTHOCTH TOY-
KK a; 9Ta mpAMas M ecTh KacaTeJbHasi K rpapury
dyaxuouu y = f(x) B Touke x = a. B camom gene, yr-
J0BOM KO3(pIUUMEeHT TaKoWd NpeAebHOR npAMOMN
(o6o3HAYUM ero k) mojyuaeTcsa U3 yrjioBoro xosgpdu-
IMEeHTa CeKyllell B mpollecce IIpeJeJILHOTO IMepexoja

or Px M:
k= lim Reox -

P—M
Ho ycnoBne P — M MOXHO 3aMEHHUTH YCJIOBUEM
Ax — 0, a BMecTO ki HAIIUCATh 2—9- . Burore nonydaem
X
k= lim &,
Ax — 0 Ax
Ho lim 2¥ — 310 snauenue IMPOM3BOAHON DYHKIUU

Ax— 0 AX
Yy = f(x) B pukcupoBaHHOM TOUKe X = a, T. €. f'(a) (cM.
. 146).

Hrak, k = f'(a), T. e. 3HaueHue Npou3BodHOl PYHK-
yuu y = f(x) 6 mouxke x =
= @ DABHO Y2/1080MY KO-
sppduyuenmy xacamenv- -

- y = f(x)
HOU K 2pajury PyHKyUU
y = f(x) 8 mouke x = a
(puc. 1.106). B strom co-
CTOMT  2eoMempuuecKuil

cMblCL NPOU3BOOHOIL. /
A
70

f(a) = kgac = tga

Ecmn obyurkmua y =
= f(x) audpepennupyema B
TOYKe X = 4, TO B 3TOH TOY-
Ke K rpaduKy MOXKHO IIPO- Puc. 1.106
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y = f(x)

0 1

Pue. 1.107

BECTU KacaTeNbHYIO; Bep-
HO ¥ o0paTHOe: ecJIH B TOY-
Ke X = @ K rpapuRry (DyHK-
uHy y = f(x) MOXXHO Ipo-
BeCTH  HEBEPTUKAJIBHYIO
KacaTembHYI0, TO (QYHK-
uuAa aupgepeHiiupyeMa B
TOUKEe X.

IJTO IMO3BOJISIET IO T'pa-
GOUKY QYHKIHNA HaXOIUTh
TOYKH, B KOTOPBEX (DVHK-

UKA HMeeT UJM He mMeeT MpousBoiHyio. Tak, QhyHK-
nus, rpadur KoTopoil usobpaken Ha pucyske 1.107,
IunddepeHIpyeMa BO BCeX TOUKAX, KPpOMe TOYKHU X =
= 1; B aTol1 TOUKe rpa)K UMeeT 3a0CTPeHHEe U Kaca-

TEJbHYIO IPOBECTH HEJAB3A.

Ypaenenue xacameavnoit k rpadpuKy PyHKIUKN Yy =
= f(x) B TOuke X = a NMeeT BUL

y = f(e) + f'(a)(x — a).

(1

Hpumep 1°. Haiitu yroJ, KOTopsIii 06pasyeT ¢ 0ChI0

X KacaTenbHas K rpaduxy

1 .. o
(pyugnuu y = — sin 3x,
3

NIPOBeJeHHaA B TOUKe X = 0.

Pemrenne. Umeem: f(x)

@l=

= % sin 3x, f'(x) =

cos 3x 3 = ./3 cos 3x;

a=0,f(a)= .3 cos0= /3.

BHAYUT, kype, = t€ O = /3, OTKYZIA 3aKITIOYAEM, UTO

'MCKOMEIH yroJ o paBed 60°.
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Hpumep 2. K rpadhury pyuxunn y = z ¥ ; ImpoBec-

TH KacaTeJbHYI0 TAK, YTOOBI OHA OblIa mapasijaejabHa
npamMoit y = —x + 2.

Pemrenue. JIBe mpsiMble napaniieNibHbi TOTAA N
TOJIBKO TOr'Ja, KOI4a UX yrioBble KOI(D(PULIMEHTHI paB-
HBI (cM. 1. 65). YruoBoil Koa()PUIHEHT OPAMOH Yy =
= —x + 2 paBeH —1, a yriioBoii KoappUMEeHT KacaTe/lb-
HO paeeH f’(a). 3HAUNT, TOUKY KACAHUA MBI MOXKEM
Ha#TH N3 ypasHenusd f'(a) = —1.

Vimeem f(x) = _x+2 : (%) = +2)x-2)—(x+ (x-2)'_

(x - 2)2
=1(x—2)—1(.7¢:+2) -4 -_ 4
TR T 2)2,3Haqm' f'(a) TEFIh
Pemum ypaBHeHUE —( 42)2= ~1. Umeem: (a — 2)2 =
a

=4; snaqwr qubo a ~ 2 =2, otkysa a; = 4, mboa - 2 =
= -2, oTKyAa as = 0.

Ecau a = 4, 1o f(a) = % = 3 M ypaBHeHHe Kaca-
TenbHOU UMeeT BUA Y =3 —(x —4), T.e.y =7 — x.

Ecau a =0, o f(a) = gtg = -1 1 ypaBHeHVe Kaca-
TeJLHOH MMeeT BUOA: y = —1 - (x-0)T.0.y = —x 1.

IIpuwmep 3. Yepes Toury O(0; 0) npoeecT: Kaca-
TEJbHYIO K rpaduky GYHKIHA y = In x.

Pemensue. 3aecs, Kak M B IIpeAbIAYIIIEM IIpUMEDe,
HeN3BEeCTHA TOUKA KacaHud X = a. YToObl ee HAHUTH, CO-
CTABMM YPABHEHHE KacaTeJbHOH B 001eM BHAe. UMme-

eMmf(x) =1Inx, f'(x) = %; 3Hauur, f(a) =Ina, f'(a) =

= -1- 1 YypasHerue KacameabHoll AMeeT BUJ
a

y=lna+%(x—a). (2)
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Ilo ycinoBuIo KacaTesbHaA AOJIXKHA IPOXOAUTL Yepes
roury O(0; 0), . e. xoopauraTts! Touku O(0; 0) mosx-
HBI YAOBJAETBOPATL ypaBHeHMio (2). IlogcraBus x = 0,

y = 0 B ypaBueHue (2), nmoayunm 0 =1Ina + % (0 - a),

otkyza 0 = Ina - 1,Ina = 1, a = e. Ecnu reneps
B ypaBHeHue (2) NOACTAaBUTH HalJleHHOE 3HA4YeHUEe TOY-

KU KaCaHHA @ = e, HoJyYuM y = In e + % (x —e), T.e.

X

_ x _ - X
Y 1+Z 1, ¢ >

JT0 — ypaBHEHHE UCKOMOI1 KacaTessHO (puc. 1.108).

%g;lnx

Y

VA

[

Puc. 1.108

IIpumep 4°. Ha pucynre 1.109 nzobpaskeHsl rpa-
buxy dyaroun y = f(x) 1 KacaTeabHass K 9TOMY rpa-
duKy B Touke ¢ abenuccoit, pasuoii 2. Haiinure sgaue-
.HUe IPOU3BOAHOM 3TOU (PYHKIIUY B TOUKE X = 2,

Pemenue. 3HaueHne NpOU3BOAHON (PYHKIUM B
JaHHOH TOUKe PaBHO TAHIEHCY yIJia MeXKZY KacaTeJsb-
:HOH K ee rpaduKy, IPOBEAEHHOI B 3TOI TOUKE, K OCHIO
.abcriucce. KacareabHasa nmpoxoauT depe3 ToYKH (0; —3)
-3-1_o

¥ (2; 1), 103TOMYy MCKOMBIi1 TAHTEHC PABEH: -3
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yA

—~\ |
N 1 \
N N1
\\\ 0 2 x
y = FO Nt \

Puc. 1.109

152. IIpuMeHeHHEe NMPOM3BOTHOH K MCCJICAOBAHHIO
¢ysxuuit Ha MoHOTOHHOCTE. IIpOoN3BOAHASA MO3BONAET
BO MHOTHX CJIy4afX CPABHUTEJNBHO HPOCTO HCCJIE0-
BaTh (PYHKIHUIO HA MOHOTOHHOCTB. IlocTHraercs ato ¢
IIOMOINEBIO CJAEAYIOIUX ABYX TEOpEeM:

Teopema 1. IlycTe dyHKIUA y = f(x) onmpenesieHa u
HenpepblBHA B IIPOMeXKyTKe X M BO BCeX BHYTPEHHHUX
TOYKAX 3TOI'0 IIPOMEXKYTKa MMeeT HEOTPHIATEILHYIO
npounssoauyo (f'(x) 2 0), npuuem pasescteo f'(x) = 0
BBHINOJIHAETCA He 0ojlee YeM B KOHEUYHOM YHCJE TOUYEK
atoro npomeskytka. Toraa dyakuna y = f(x) Bospacra-
€T Ha MpoMeKyTKe X,

Teopema 2. Ilycte byuxuusa y = f(x) onpezeneHa
M HeNpepHIBHA B IPOMEXKYTKE X ¥ BO BCEX BHYTPEHHHUX
TOYKAX STOr0 IMPOMEKYTKA HMEeT HEMOJMOMKUTEILHYIO
npoussogHyIo (f'(x) < 0), npuuem pasencteo f'(x) = 0
BBLIIIOJIHAETCS He 0oJjiee UueM B KOHEYHOM YHCJIE TOUYEK
aTtoro nmpoMexxyTra. Torga dysxnusa y = f(x) yoniBaet
Ha IpoMeKyTKe X.
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‘IIpumep 1. Hcecnenosars Ha MOHOTOHHOCTD (PYHKILUIO
y=x3+x3+1.
Pemenne. UMeem: y’ = 5x* + 3x°. Cnpaseninso

HEpPaABEHCTBO 5x* + 3x% > 0, npuuem sHaK paBeHCTBa
“MeeT MecTO JIMIIb B OAHOH Touke X = (. 3Ha4YUT, N0

teopeMe 1 QyHKUIUA Y = x°+ x3 41 BO3pacTaeT Ha Bceil
YHCJIOROH HPAMOH.

[ITpumep 2. UccnegoBaTh HA MOHOTOHHOCTH (DYHKI[UIO
y=2sin x - 3x.

Pemenue. Umeem y’ = 2 cos x — 3. Tak Kak

lcos x| < 1, 10 2 cos x — 8 < 0 npwu Bcex x. BHAUUT, 1O

reopeMe 2 GyHKIUA Yy = 2 sin x — 3x yObIBaeT Ha Bcell
YUCJOBOH NpPAMOIL.

IIpumep 3°. Hcconen0BaTh HA MOHOTOHHOCTD (DYHK-
§10%3 0] s
y=£2_ -81In(x - 2).

Pemenue. Imeem y"= YToox-3. 1 -3 =
2 x-2 x-2

-2x-3 _ (x~-3)(x+1)
x-2 x -2 )

(x—3)(x+1)
x -2
KaK IoKasaHo Ha pucyHke 1.110 (cM. mm. 139). Ho 06-
JIacTh oIpefeNeHUs HccaeAyeMol QYHKIIUM 3anaeTcH
HEPABEHCTBOM X > 2. 3HAYUT, U3 MOKA3aHHBIX Ha DH-
CYHKE YeThIpeX IIPOMEXXYTKOB HAC HHTEPECYIOT TOJNbLKO
aBa: MpoMedXyTok (2; 3) — Ha HeM Yy < 0 u, cxe-
JOBAaTeJILHO, PYHKIIUA HA 9TOM MHTEpBaje yOnIBaer, —

3HaKK BbIpaXXeHusd MEeHAITCA Tak,

- + - +

1 FTSNSMMUTr TrTr,rOrrE

Puc. 1.110
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¥ MPOMEXYTOK (3; +°0) — ua wem y° > O u, caenora-
TeNbHO, QGYHKIMUSA HA 3TOM IIPOMEXYTKE BO3PACTAET.

YxasaHHBIE IBA NIPOMEXYTKA UMEIOT 0OIIYI0 KOHIle-
BYIO TOUKY x = 3. B TouKe x = 3 3agaHHas QYHKIUA OI-
peAesieHA U HellpephIiBHA. B Takux cayuyaax opy ucce-
J0BAaHHUH (PYHKIIHK HA MOHOTOHHOCTb KOHILIEBYIO TOUKY
BKJIIOUAIOT B IIPOMEIKYTOK MOHOTOHHOCTH.

O rBerT. PyHKIHA YOLIBaET Ha NOSyHMHTEDPBAJIE (2; 3]
¥ BO3pacraer Ha Jjyde [3; +00).

Ilpumep 4°. KaMens 6pomien BePTUKAJbLHO BBEpX.
Iloxa xameHs He yaj, BEICOTA, Ha KOTOPOU OH HAXO-
IHUTCH, ONMUCHIBaeTcA (hopmystoit h(t) = ~5¢2 + 18¢ h -
BBICOTA B MeTpax, t —— BpeMd B CeKYHJaX, Mpollejiiee
or MoMeHTa 6pocka). Haiigure, cKOJIBKO CEeKYH]I Ka-
MeHb HaXOJMJICA Ha BBICOTe He MeHee 9 MeTpOB.

Pewexue. Peruns ypasrerue —5t2 + 18t = 9, BbI-
YHCIHMM BpeMs, KOT[a KaMeHb HAXOQMUJICA TOYHO HA
Bercore 9 merpos. Kopuu aroro ypaBrenusi: 3 u 0,6,
T. €. KAMeHb HAXOAHMJICH Ha BhICOTe He MeHee 9 MeTpORB
3-0,6=2,4(c). .

153. IIpuMenenne NPOM3BOAHONH K MCCJIEIOBAHHIO
ynknuit Ha sxcrpemym. Iosopst, uro QyHKUMA y =
= f(x) numeer markcumym (MuHUMYM) 8 MOUKe X = a,
€CJIH Yy 3TON TOYKH CYIIECTBYET OKPECTHOCTh, B KO-
Topoit f(x) < f(a) (f(x) > f(a)) Ansa x # a.

Tak, ¢ysxuMA, rpapuk
KOTOPOiT U300paskeH Ha pU-
cyuke 1.111, umeer maxcu-
MyM B TOYUKax X{ U X3 H
MHHHEMYM B TOUKAX Xg U X 4. / !

Toykn mMakcumyma ™u II
MHHUMYMa OOBeSUHAIOT ~o| x, x, 13 x; o
OOUINM TEPMHHOM — MOY-
KU dKCmpemyma. Puc. 1.111

Y

y = f(x)
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. O6parumca eme pas K pucysHky 1.111. 3ameuaem,
YTO B TOYKAX X1 M X4 K rpapury QyHKINN MOKHO nPo-
BECTHM KacaTeJIbHble, IpMUEeM 3THU KacaTedbHbie GymyT
MapaajieJbHbI OCH X, 8 3HAYHUT, YIJIOBOH KO3 pUITHEHT
Ka)/l0ll M3 KacaTeNbHbIX DaBeH HYJIO; UTakK, [(x1) = 0,
f'(x4) = 0. B Toukax e X9 ¥ X3 KacareasHyI K rpadu-

Ky IPOBECTM HeJb3s; 3HAYMUT, B DTHX TOYKAX IIPOU3-
BozHaA GyHKUUHU y = f(x) He cyuiecrByeT (cM. m. 151).
Takum o6pa3oM, B TOUKaX 3KCTpeMyMa Ha DPHUCYHKE
1.111 mpousBoaHasa aubo paBHa HyJ0, JubO He Cy-
IecTeyer. OT0 — o00Illee MOJOMKEeHHe, MOATBepIKIae-
MOE clenymoIeit TeopeMoii.

Teopema 3. Ecau dynknua y = f(x) umeer sKkcTpe-
MyM B TOUYKe X = a, to jgubo f'(a) = 0, aubo f’'(a) re cy-
IIECTBYET (Heobx0dumoe ycaogue sxcmpemyma).

Touxn, B KoTOpPLIX f'(a) = 0, HA3BIBAIOT CMAYUOHAD-
HbiMU, 4 TOYKH, B KOTOPHIX f'(a) HE CyUIeCTBYeT W KO-
TOpPBIe IPUHALJEKAT O0JIACTH onpeAeieHN A QYHKIINH,
Has3bIBAIT Kpumuueckumu. Teopema 3 o3xHauaeT, 4TO
9KCTPeMyMbl (PYHKIIMHA MOryT AOCTHTaThbCA TOJBKO B
CTAIIMOHAPHBIX WM KPpUTHUYECKUX ToukKax. OOparHasa
TeopemMa, OLHAKO, HEBEDHA: He BO BCAKOHN cTal{MOHAPHOMN
UM KPUTHUYECKOH TOUuKe QYHKIUA UMEeT SKCTPEMYM.

Tak, QyHKIVA Yy = x3 umeer

y OJIHY CTAIIMOHAPHYI0 TOUKY
=0(BHeH Yy = 3x2 = 0),
HO B 3TOH TOUKe (PYyHKIIUA
He KMeeT HM MaKCHMyMa,
) H1 MuHHMyMma. DPysHRnus,
: rpaduK KOTOpoil H300pa-

0 a ¥ JKeH Ha pucysxe 1.112,
HNMEET KPUTHUYECKYIO TOUKY

Puc. 1.112 X = a — 3TO TOYKAa ¥3aoma,

¥ = f(x)







