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Ot aBTOpOB

Ipesnaraemoe yurareao nocobue cofepxut 20 yueOHO-TPEHHPOBOTHEIX
TECTOB, COCTaBJeHHbLIX B COOTBETCTBHH C f/1aHoM paboTtal EI'3-2010, ¢ yuérom
B KayecTBe OPHEHTHPA IeMOHCTPALIKOHHOTO BapHaHTa H Inanupyemoit GHUITH
TPYAHOCTbIC 3a%aHuM. [TOHATHO, 4TO IEMOHCTPALIMOHHAIA BAPHAHT He OXBaThI~
BaeT BeCch CNEKTP /EMEHTOB COAEPKAHHA Kypca MaTeMaTHKH, KOTOpble MO~
ryt nposepsTbes Ha EI'D. [loaToMy B npennaraeMbie TeCThl Mbl BKIIOYHJIH Bee
HarGo/1ee BaXKHbIe BONPOCH H TeMH I1aHa, OTAAaBas [IPH STOM NpeANnouTeHHe
HauGosee BepoaTHLIM Ha ET' 3-2010. [Tpexkne Bcero, sHaunTeNbHASA YaCTh 33~
JaHKH MOCBAILEHA 0TPaGOTKE TeM H HAel, COAePIKAILMXCH B CrelHbUKaMH U
TIOJTyYHBUIHX CBOE OTpayKeHHe B IEMOHCTPAUMOHHOM BapHaHTe. TeCTH B Ue/IOM
HOCST «ITapHBIA® XapakTep, TO eCTb KaXK/Ibli HEHETHLIA BAPHAHT H CJICRYIOILAH
3a HUM 9eTHHA B Kako#-T0 Mepe noioGHbl. 310 YA06HO A/t OpraHu3aLHy pa-
6oThHl NpenoaaBaTeel c yJalUIMMHCH B Ki1acce H oMa.

B KHHre npusefieHbl pelleHHA ONHOTO BapHanTta TectoB. Ko Bcem BapH-
aHTaM fpEBeJieHul 0TBeThl. OTMeTHM, UTO pellleHHs, NPHBEJCHHHE B JAHHOA
KHHTe, He CJieJlyeT PacCMaTPHBATh KaK HeKkHe oGpa3lkl; B HUX, CKOpee BCe-
ro, poCMaTpHBaeTCH NPOLEAYPa PAaCKPHITHSA KIIOYeBOA HaeH peulenust. Yrto-
6Bl NOJYYHTD 60J1ee AICHOE NPeACTaBJIeHHe O CTETIeHH AeTaNH3alHH NPH 3aTHCH
pemenui, cieayeT BHHMATEIbHO 03HAKOMHTBCA € 0QOPMIIEHHEM pellleHHH Je-
MOHCTpaLMOHHOrO BapHaHTa (cM. caft PHUITH: www.fipi.ru[1]).

Ins aBTOHOMHOR paGOTH ¢ HaUIKM NMOCOGHEM B HEro BKJIOYEH KPaTKHI
TeOPETHYECKHH CIIPABOYHHMK, KOTOPLIA JieJiaeT KHUTY CaMOJOCTATOYHOH | I103-
BOJISeT He M0JIb30BATLCS JONOJHHTEILHON JHTePaTypoH.

[To cpaBrenuio ¢ 2009 rogoM, CTPYKTypa 3K3aMeHaLMOHHON paGoTH Cy-
LECTBEHHO W3MeHusIach. PaGoTa cocTOMT U3 ABYX yacTelt. Yacts | (6a3oBrilt
YPOBeHb) COAEPIKHT TOJIbKO 3aflaHus ¢ KpatkuM orBetoM (B1—-B12). Yacts 2
(MOBHILUEHHBIR ¥ BLICOKHIA YPOBHH ) COJEPIKHT TOJIBKO 3a/laHHA C Pa3BEPHYTHIM
oreeroM (C1-C6). _

OcHosrule otanyHs ET' no maremartuke 2010 rona ot EI'D 2009 roza:

® KOJIMUECTBO 3alaHHil yMeHbIleHo ¢ 26 1o 18;

® YHCJIO YacTell paGOTH YMEHbLUEHO [0 BYX — OTCYTCTBYeT 4acTh A (uc-
KJIIOUEHH 3afiaKust ¢ BHIGOPOM OTBETa, «YTO OTBeYaeT CYIEeCTBYIOILHM
TPANHLIHAM NPENOJABAHHSA MaTeMaTHKH B POCCHHCKOM LUKOJE H NO3BO-
JsieT KaueCTBEHHO NIPOBEpPUTL YCBOGHHE MaTeMaTHYSCKHX 3HAHHA yMe-
HH{l 4 HAaBHIKOB Ha 6a30BOM ypoBHe» [3]);



6 OrnasJerne

e yCHJIEHA reOMeTpHYeCKasi COCTaBJsionlas (3 3agaun B yacTd B u 2 —
B uactd C), NpHYEM NPOM30ILLIO CMELIeHHE AKIeHTAa OT CTePEOMETPHH K
IJIaHUMETPHH (caMas CloXKHafA reoMeTpHueckas 3anada C4 Tenepb nmo
TJIAHHMETPHH);

® B yacThb B BwIOYeHa rpymnna 3ajiaHuil, «BbIMOJIHEHHE KOTODhIX CBHJE-
TE/ILCTBYET 0 HAJIMYHH Y BhITyCKHHKA OOLEMaTeMAaTHYECKHX HABLIKOB,

HeoOXOIHMEIX YeJIOBEKY B COBpeMeHHOM obuiecTse» [3];
e Buactb C no6aBiena 3afaua C6, ypoBeHb CJIOXKHOCTH KOTOPO#i IpHMep-

HO COOTBeTCTBYeT o6J1acTHOMY 3Tary Becepoccuiickolt MaTeMaTHUeCKOH
OJTMMIHAJb! ITKOJIbHHKOB.

B pesyasrare atux uamerenuit B EI'D yBesinuena noJist aafanuii, He TpeGy-
OLLMX 1151 CBOETO pellieHusi 3HaHHA CTaplIel KoLl — NpuMepHo 8—9 3anau
vactd B u 2 3anaun yactu C (C4 u C6) nocTynHe! BHITyCKHHKY 9 Kiacca. Ha-
psdy ¢ yMeHbIUCHHEM KOJHYECTBA 3aiay NIPH HEH3MEHHOM BDEMEHH K3aMe-
Ha — 3T0 GOJILHION TLTIOC HOBOM MOAesH. OIHAKO caMH 3aJjauH CTalH GoJsiee
HEeCTaHJAPTHHIMH, JaCTO COJEPXKALIMMH HEKOTOPYIO «H3IOMHHKY», JLIST HX pe-
LIEHHS 324aCTyl0 IOCTATOYHO 3/IpaBOrO CMBICJIA, a He QOPMaJIbHO YCBOEHHBIX
3HaHu#. 10 GoMbIIOH HEeJOCTaTOK HOBOM Moaend EI'D ¢ Touku 3penns chaa-
60r0 yueHHKA.

B 3akusioueHne NOACHHM HEKOTODbIE TEPMHHBI, CBSI3aHHbIE C €(HHBIM rocy-
JapCTBEHHBIM 5K3aMeHOM.

lepsuunviii 6arr — 370 Gai1, BRICTABIAEMEIN 32 KaX/I0€ BLIIIOJHEHHOE
saganue. Cornacso KUM 2010 rona, npaBuibHOe pellieHHe KaXI0ro H3 3a-
naunit B1-B12 vactu 1 sk3amenausonHof paboThl ouernBaerca 1 Gamiom.
ITonHoe npaBuiabHOE pelieHHe Kaxknoro u3 3aganuit Cl u C2 oueHusaercs
2 6annamu, C3 5 C4 — 3 6annamu, C5 u C6 — 4 6aynamy. MakCHManbHEIN
GaJu1 3a BHINOJIHEHKE Beelt paGoThl — 30.

Tecosuiil 614 — 310 6aJlil, KOTOPhIHA BHICTABJAETCS YYEHHKY B CepPTH-
¢dukaT. MakcuManbHoe KosimuecTso — 100 6amnos.

[pesxcde wen, npucmynumo K peuseHuI0 mecmosoix 3a0anull, BHUMA-
MeAbHO U3YHume UHCMPYKYUIO NO BLNOAHERUIO PaBOMbL, NOMEUWEHHYIO
nepeo nepsuim 8apuarRmom mecma Ha cmp. 62. 3ma uncmpyKyus pas-
pabomana $HIIH, cu. [1,3].

ABTOpH BHIpaXalOT IVIyGOKYIO NPH3HATENLHOCTb PeLieH3eHTaM KHUMH 3a
BHHMATEJIbHOE MPOYTEHHE PYKONHCH H NOOPOXKeJaTeJIbHyl0 KOHCTPYKTHBHYIO
KPHTHKY. 3aMeuaHHsl H [OXKeJIaHHA N0 COAEPAKAHHIO TOH KHUIH MOXKHO cle-
Jathb 1o TeaedoHy (863) 302-02-32, JInicenko Penop Penoporuy, Kynaby-
xoB Cepreii IOpreBuy, win npucaars ro e-mail: legionrus@legionrus.com,
legion_r@aaanet.ru.



Kpatknii TeopeTHYeCKUH CpaBOYHHUK

[Tpesnaraemniii CipaBOYHKK COJIEPKHT OCHOBHBIE Pe3y/ILTAThE H GOPMYJILI,
npenycmoTpersbie n1porpammolt 2002 roxa st o611eo6pa3oBaTeNbHbIX yupe-
xnenuii. B ocHoBY oT60opa MaTtepHasia noJoxeH Kypc B, o kotropomy paspa-
Gatusamics KUMu 2002—-2010 rogos. Oanako, Kak npu noarotoeke k ET'9,
TaK K NpH ero caaue, YJalUMCs OHAN0OATCS CBelleHHs, KOTOphie TPeOyIoT
3HAYHTEIbHBIX YCHIMH TIPH MX [0Ka3aTeJbCTBE, BHBOAE, HCCAenoBaHHH. OHu
HE BXOJIST B HOPMATHBHbIE PAMKHU Kypca B, HO GOJIBIIMHCTBO H3 HUX BKJIIOYEHO
B KypC yriiyG/IeHHOTO H3yUeHHs MaTEMAaTHKH H OTMeUeHO 3Be3foukof (*).

§1. VYcaosHbie 0603HAYEHHSA

[Tpu H3nOXKeHHH TEOPETHYECKOr0 MaTepHana, CoJlepKalllerocst B 3TOH ria~
Be, Mul GYIeM N0JIb30BATLCS CELYIOIHMMH OOLIECNIPHHATHIME MaTeMaTHYeCKi~
MH 0603HaYEHHSIMH.
N — MHOXeCTBO BCeX HATypaJibHbIX YHCEJ.
Ny — MHOXECTBO BCeX HEOTPHUATEbHbIX LIEJbIX YHCEJI.
Z ~—— MHOXECTBO BCEX LEBIX YUCe.
() — MHOXeCTBO BCEX PAIHOHANBHLIX UHCE,
R — MHOXeCTBO BCeX JeHCTBHTEJIbHAIX (BEIECTBEHHBIX ) YHCEJL.
Rt — MHOXeCTBO BCeX MOJIOKHTENbHBIX AeHCTBHTEIbHEIX YHCE.
=> — CJefyerT.
& — PaBHOCHJILHO; 9KBHBAJEHTHO; TOTAA H TOJLKO TOTJA.
- S OTpenesIeHHIO PaBHO.
Dgf — o6nacTs onpejienexns GyHkuH y = f(z).
E(f) — wmHoxecTBO (06J1acTh) 3HaUeHHH QYHKLME y = f(z).
const — TMOCTOSAHHAS BEJIHUHHA.
€ - TNpUHAIEKHT, CONEPKUTCA; HAMIPUMED:
z € R — z npHHaJ/IeXHT MHOXECTBY NeHCTBHTEIbHbIX YHCEJ, TO eCTh T
ABAAETCH NEHCTBHTEIbHBIM YHCJIOM.

n:m(uan,meE Z) — YUCIO 1 NeJIMTCS HALEJIO Ka YHCJIO M.



8 Kparknit reopernuecknl cripaBoyHHK

§ 2. CreneHHu H KOPHH

Onpenenenne creneHH H KOPHs
l.Nyctba € R, n € N. Torna:

n

a" =a-a-a-...-q

N e
1 COMHOXHTENER

a® & 1, ecmia#0;

—p def 1
n= a—", ec.rma;éﬂ;

0° e OIpeJieJIeHO;

Va © bt =aub> 0 nipu n YeTHOM;
def n

Va = b< b™ = anpH n HEYETHOM.

2.Tlyctba € RY;m € Z,n € N,n > 1. Torza:

m
an ggf a™.

[Ipasnna geficreufl ¢ panHkalamu
Mycte m,n,k € N,m,n > 1; a,b € R*. Torna:

V Ve =" "Vamk = Yam;
Va a
Va' Vb= Va_b; —V_—b = { '5;
(Va)™ = Vam; Va+b< Ya+ Vb
IpaBuaa peficTBuit co cTeneHAMH
Iyets p,q € @, a,b € Rt. Toraa:
aPa? = aP*Y; (aP)? = aP%;
a? P—q b4 P
pr i afl~9; (ab)? = aPb”.

He npuBoas onpeiesieHus! CTeNeHH C AeACTBHTENbHEIM [IOKa3aTesieM, OT-
METHM, YTO NPaBK/Ia JEACTBHA C TAKHMH CTeNeHSAMH <COXPaHAIOTCS», TO eCTh
NpHBe/IeHHbIe PaBHJIa BepHH H LI p, ¢ € R.



§ 3. Mogyas u ero cBoficTBa 9

D opMyb COKPALEHHOTO YMHOXKEHUS

Ilyers a,b € R. Torna:
(a £ b)* = a? £ 2ab + b%;
(a £ b)® = a® + 3a%b + 3ab? £ b%;
a? — b = (a—b)(a+b);
a® — b3 = (a — b)(a® + ab + b?);
a® + % = (a+ b)(a® — ab + b?);

Tabanua KkBagparon
112 =121 162 = 256 212 = 441 262 = 676
122 = 144 172 = 289 222 = 484 272 = 729
132 =169 182 =324 232 =529 282 =784
142 = 196 192 = 361 242 — 576 292 = 841
152 = 225 20% = 400 252 = 625 30% = 900

§ 3. Mopyab 1 ero cBoicTBa

1. Onpenenenye Moyns yucaa.

z, ecquz > 0;

def def z, ecauz 2 0;

lz| = 0, ecuz =0; wm |z| =
—z, ez < 0.
-z, euHz <O0;
2. TeoMeTpUYeCKH |Z| eCTh paccTOsHHE OT TOUKH £ YMCJIOBOR OCH 10 Havyasa
otcueta — Touku O.
3. |z — a] ecTs paccTOAHME MEXITY TOUKAMH T H @ YHCJIOBOMA OCH.

4. MogyJb NpoH3BeAEHHSA, YaCTHOTO H CTElIeHH,
—_— . T p— |z| - * n!{ n z #0’
vl = el -lok: || = . v # 0 bl =lemmez | 70
5.vxz? = |z|.



10 Kparxu# reopernvecknit cipaponik

§4. [porpeccun

ApudmeTHueckasd nporpeccusi

1. Ecan a,, €cTh n-1i wieH, d — pa3HOCTb H S, — CyMMa n NepBbIX WIEHOB
apH(MeTHYECKOH NPOrPECCHH, TO

Gnt+1 = @y +d, 6y = a1 +d(n— 1),
S = (a1 +ax)n (201 +d(n—1))n
n - - .
2 2

Apndmernyeckas nporpeccus BoapacTaer, eca d > 0, H YOhIBaeT, ecJH
d<O.

2*. Eciu ag, ay, @y, Gy, — WIEHH apH(PMETHYECKOI IIPOrPEeCCHH C TAKHMH
HoMepaMH, UT0 k + [ = m + n, 10 @} + a; = a, + ay,.

3. Kaxnpiit wieH apudmerHuecKoll IpOrpecCuy, OT/IHYHbBIA OT IEPBOTO H
nocJeiHero, paBeH cpefHeMy apH(PMeTHIECKOMY COCE/IHHX C HHM UJICHOB:

a, = Gn-1 + Gni1 )
2

leomerpuueckan nporpeccus

1. Ecimu by, ecTh n-# uneH, ¢ — 3HameHaTe b H S, — CyMMa 7 NEPBBIX
4JleHOB 'eOMETPHYECKOH IIPOrPECCHH, TO :

bnt1 =bng, b1 #0, g #0; by =big"t,
Sn = bl(qq_ 1 1)’q # 1.

2*. Ecmu by, byy by, by — uieHB reoMeTpPHUYECKOM NMPOTPECCHH C TAKHMH
HoMepaMH, YTO k + [l =m + n,10bg - by = by, - by,.

3. Keajpar KaXJI0ro wieHa reoMeTpHYeCKOH MPOrPECCHH, OTJIHYHOIO OT
T1ePBOro K NOC/IEIHero, PaBeH NPOH3BeEHHIO COCEHHX C HHM YJIEHOB!

b2 = bp_1 * b1
BeckoHedHo y6biBalomas reoMeTpRUECKas NPorpeccus
Ecin S ectb cymma GecKoHeYHO yGHIBaIOILEH reOMeTPHYECKO# TTporpec-

cunt (Jg] < 1), 70 § = 1—?_1-&

§ 5. Jlorapudmsl

Onpeneaenne Jorapugma

JlorapucdhMoM A2HHOTO YHCJIa X 1O JAHHOMY OCHOBAHHIO @ Ha3biBaeTcs ro-
KasaTeJsib CTENEHH Y, B KOTOPYIO Hy>KHO BO3BECTH OCHOBaHHE a, YTOGH MoJry-
YHTB JlaHHOE YHCA0 Z. ¥ = log, z &> a¥ = .



§ 6. TparoHomerpus 11

CroiicTea Jorapudmon

IMyctba > 0,a7# 1.

1. OcHoBHoe JioraprdMHUECKOE TOKAECTBO:
al%%a® = ¢, Az > 0.

2. Jlorapudgm npousBeneHus, YaCTHOTO U CTETIeHH:

log, (zy) = log, |z| + log, |y, zy > 0
log, (5) = log, |z] - log, [yl 2y > 0;
log,(zy) =log, z +log, 4,2 > 0,y > 0;
log, (g) =log,z —log,y,z >0,y > 0;

log, z* =alog, z,z > 0;
log, z* = klog, |z|, kK — uerHoe uenoe.

3. dopmyna nepexofia K HoBoMy ocHoBanHo. [Iycte b > 0,b# 1,z > 0.
Torpa:
log, x 1
= =
log, = ——Llog,, 5 B UACTHOCTH, log, = log. a’ npu z # 1.
Kpome Toro, log, z log, y = log, ylog, .
4. Tlyctbb > 0,a #0,a # 1, Toraa:

logap b= logg b,p #

1

log x b= %

logy,; b, k # 0, k — ueTHoe Levioe.
5*. alothe = Jogp e,
[1pu peinennu 3azia4 GbIBaeT NoJie3Ha CIEAYIOLIAs TeopeMa.

Ecan uHcsa @ 4 b Ha YHCNOBOA OCH PachoJIOMKeHk Mo OQHY CTOPOHY OT
eJIMHHIIBL, TO log, b > 0, a ecaix no pasHete, T0 log, b < 0.

§ 6. Tpuronomerpus

PagnanHoe namepeHue yraos
Onpedeaerue. Onvkr pagyan paBeH LIEHTPAJLHOMY YIIY OKPYXKHOCTH,
AJIMHA XYTH KOTOPOTO PaBHA PaJHycCy 3T OKPYKHOCTH.,

= 57°1745".

1 panuan =

- _7r_ ~
1° = 180 papuana = 0,017453 paguaHa.



12 Kparrni} reoperuseckntl CripaBovHHK

YrawBrpanycax | oo 300 | 45° |60° |90° | 180° | 270° [ 360°
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3naveHus TPHroHOMeTpHYecKHX QYHKUHT HEKOTOPBIX YIIOB

sina 0 % 3225 %:37 \ 0 -1
coso 1 32@ %z -% 0 -1 0
tgo 0 3? 1 NE) - 0 -
ctga | - V3 1 3? 0 - 0

OcHoBHbIE TPHIOHOMETPHUYECKHE TOXKRECTBA

sin®z +coslz=1; tgz-ctgz=1;

1 1
2 . 1 2 )
l1+tg*z prw ot +ctgz s

®opMyJibl CyMMbI B Pa3HOCTH APTyMEHTOB
gin(z + y) =sinz - cosy +cosz - siny;
cos(z +y) =cosz-cosy Fsinz - siny;
tgz L tgy
tg(z ty) = ——uree,
gz +y) TFigz gy
®opmyabl ABORHOTO H TPORHOr0 APTYMEHTOB
cos 2z = cos?z —gin?x = 1 - 2gin = 2cos?z — 1;
sin 2z = 28inx - cO8 T;

. 3 1—cos2z 2 1+ cos2zx
8N T = ~———————y COB® T = s
2 2
*sin 3z = 3sinz — 4sin® z; *cos3z = 4cos’ z — 3cos;
2tgz 3tgr—tgiz
tg2x = ; *tg3r = —m——
g 1-tg?z & 1-3tg’x



§ 6. Tpuronomerpus 13

Boipaxetne TpHroHoMerpuueckux GpyHkuuk uepes TaHreHc noao-
BHHHOTO yraa

Ecmmz#7r+2nk, ke Z,10

2tg £ 1-tg?Z

. 2 2
‘smm-_—-____..___; Rl A R ———
1+tg’§ 1+tg2§

lipeoGpazosanne cyMMbl H PA3HOCTH TPHMOHOMETPHYECKHX DYHK-
nuil B npon3BeaeHHe

sinx:!:siny=2-sinzd2:y-cosx§y;
T+y z-y,

cosT + cosy = 2cos 7 " Co8 —5—;
LTty . yY—<x

cosT — cosy = 28in 5 "8in = ;

*sinz+cosy=2sin(m;y+g-) -coa(w;y -—-}),
"sina:—cosy=2sin(z—-2t£—§) -cos(z;y+-74£).
] _ sin(zFy)
tgzttgy = coaz - co8y’

asinz+beosz = va? + b2 -sin(z+ ), rne a?+b2 # 0, a p onpenensercs

. b a
13 popMyanl sin p == m; CoBp = m;
asinz+bcosz = va? + b2-cos(z—a), rie a®+b? 3 0, a @ onpegensercs
13 dopMyiinl sin o = Va_:;-{-ﬁ; cos o = V;?b-ﬁ;

MpeoGpasosanne NpoU3BeXEHUS TPUrOHOMETPHUECKHX GyHKUnH B
cymmy

sinz -siny = %(cos(z—y)——cos(a:+y));
COST - COBY = -12-(008(2—1!)'*'009(-"7 +4));
sinz -cosy = -;-(sin(:c—y) +3in(z+y))‘



Kparxwit reopeTHtecknit CripaBoTHHK

Onpenenenne 0GpaTHbIX TPHIOHOMETPHYECKHX (PYHKLH

ydéf arcsinzﬁa:=sinyu—%<y$—725;

yd-—e—f arccosr < r=cosy HOSy<m;
ydg arctgr & r=tgy 4 —1;-<y<12r-;

ydéf arcctgr S rz=ctgy H 0<y< .

*CBoitcTBa 06paTHLIX TPHrOHOMETpHYECKHX GyHKUMH
D(arcsinz) = [~1;1]; E(arcsinz) = [—-725; %],
D(arccos z) = [-1; 1]; E(arccosz) = [0; 7];

D(arctgz) = R; E(arctgz) = (_g; %),

D(arcctg z) = R; E(arcctgz) = (O; 7r);
arcsin(—z) = — arcsin z; arccos(—z) = 7w — arccos z;

arctg(—z) = — arctg z; arcctg(—z) = w — arcctg z;

s
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arctgx + arcctg x = L

arcsinz + arccosz = +, ecn z € [—1;1];

sin(arcsinz) = z, ecym z € [-1;1];

arcsin(sin z) = xo, rlie g € [—lr-; E] Usinzgy = sin x;

2°2
cos(arccos z) = x, ey z € [—1;1];
arccos(cos ) = g, Tlie Zo € [0; 7] H cos Tp = cos z;
tg(arctg z) = z, ctg(arcctg ) = z;

arctg(tgz) = zg, e Tg = (—-7I zr_-) utg Ty =tgz;

2°2
arctg(ctg z) = zo, re zg € (0;7) H ctg o = ctgz.
sin(arccos z) = v/1 — 22; cos(arcsinz) = v1 — a2;

z 1
3 t p— . -_— .
sin(arctg z) = — cos(arctgz) = —

sin(arcctg z) = L cos(arcctgz) = z
BT = ;;1+1:2’ 8o = 1+22



§ 7. MuorounreHn H HX KODHH 15

HexoTopbie 3HaueHUsI OGPATHHIX TPHFTOHOMETPHUECKUX DYHKUMA

z 0 % %2 32@ 1| -1

arcsinx 0 % % % 1r2- —72—[

arccos r g— % 1‘;- 16[ 0 T
T 0 3? 1 V3
arctg 0 % % %
woge | 3] 2 [2] 1

Popmyabl 11 PELIEHHS NPOCTEAIIHX TPHTOHOMETPHUECKMX
ypaBHeHHuii

sinz =a; |a| <1;z =(-1)"arcsina +#n, n € Z;
sinz =0; z=nnkke€Z;

sing=1; z=7+2rkke€ Z;

-72£+21rk;k€Z;

cosz =@a; |a| < 1; z = tarccosa + 27n, n € Z;

sinz =-1l;z=—

cosz = 0; =-72£+1rk;keZ;

cosz=1, <z=2rk;keZ

cosx =-1; z=m7+2nk;ke Z;

tgz = q; z = arctga + mn;n € Z;
ctgr=a; <z =arcctga+n;n € Z.

§ 7. MHorouJieHbl H MX KOPHH

Onpenenenne MHOrouieHa

MuorowreHoM crenerH n (n € Np) HasnIBaeTcs BCAKOE BhpaXKeHue BUIA:
f(z) = anz" + apn_12" 1 +... + @17 + ay,

TE Gn,Gn-1,...,01, 00 € RHan # 0.

Bcsikoe BelecTBeHHOE YHCJIO, OTJIHYHOE OT Hy/Ist, [IPHHATO TPAKTOBATh KaK



16 Kparxui Teopernveckut cipaBoiiHk

MHOrOWIeH HyJieBo# cTeneHd. Uuena an, an—1,- - - , 41, Go HA3HIBAIOTCA KO3(h-
(HUHEHTAMH MHOTOWIEHA, Gy, — CTapIIHi KO3(HLMEHT, ap — CBOGOAHBIA
wieH.
UYncnio o HasbiBaeTcsi KopHeM MHorouaeHa f(z), ecau f(zo) = 0.
Ksanpatnbiit Tpéxdanet
KsazpaTHriit TpexueH ~— 3TO MHOTOWIEH CTENeHH 2:
flx) =ax?+bx +c

— b+ Vb —dac,
2a ’

az? + bz + ¢ = a(z — z1)(z — z2);

Ecan 1,20 — KoprH f(x), TO Z12 =

1+ zo = —-g—; T1xg = f{ (Teopema Buera).
Ecau ropoit koadGHUMEHT AeHTCA Ha 2, TO eCTh

~k+Vk?—ac
a .

Ecnu crapumit kosdguument pases 1, 1o ectb f(z) = z2 + pz +q,

/ 2
TO 12 = P + (2) -q.

f(x) =az?+2kz +¢c, TO T1 2 =

2 2

Boipaxenue b? — 4ac HasbiBaeTcs AHCKPHMUHAHTOM COOTBETCTBYIOILIETO MHO-
rounena f(z) (ypaBHenusi f(z) = 0). [JJUCKpPUMHHAHT NPHHATO 0GO3HAYATh

Goabmoit 6ykeoit D. Or™etnM, uto D =0 k%2 —ac=0 & (123)2 —qg=0.
*Teopema Beay u cxema lopuepa
Jinst mo6oro MHorousieHa ctenend i > 0
f(x) = az" + ap—12™ 1 +---+ a1z +ap
H JIHO60r0 UKCe/a £o € R HalileTcsa Tako#i MHOrouJIeH crerneHd n — 1
q(z) = bp_12"" + bp_2z™ 2 +-- - + biz + by,
YTO CIipaBeJJIHBO PAaBEHCTRO:
f(z) = (z — o) q(z) + f (z0) (TeopemaBeay),
npuyeM K03 ULUHEHTH ¢() MOIYT GbITh BHIYKCJIEHEI N0 CJEAYIOLIEMY aJIro-
pHUTMY:
br-1 = n, bp—2 = Tobn—1 +@n-1,
bp-3 = Tobp—2 + an-2,..., bi—1 = zob; +a;,...
vooy by = zobg + ag, by = Toby + a1, f(ZQ) = xgbg + agp.
PesysibTaThl BRMHC/IEHHS K03(dULHEHTOB MHOrOWIeHa ¢{x) ya06HO Mo~
meLiaTh B Tabuniy (cxemy fopHepa).
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Gn {AGn-1 [Gn—-2 | """ (Gi+1 | Qi (- | G2 {3 ao
To [bn-1 | bn-2 {bn-3 |- | b [bi—1|{--- | b1 {bo| flzo)

[TounTHO, YTO €csiu To — KOpeHb MHorounena f(z), o f(xp) = 0 u, cie-
AOBaTeJIbHO,

f(z) = (z — zo) g(z) (cnenctBue n3 Teopemnl Beay).

Takum 06pa3oM, YTOObI BLIACHHTL, AIBJISETCA JIU UKCJIO o KOPHEM MHOTO-
wieHa f(z), HyXKHO 3aT0JIHHTb IPHBELEHHYIO BHILE TA6ULY (cxeMy [opHepa).
Ecau f(zo) okaxercst pasrbM 0, TO £g — KopeHb. B npoTHBHOM ciryuae £ —
He KopeHb f(z).

IpuBengM elue oJHy TeOpeMy O MHOTOU/IHAX ¥ CJe[CTBHE H3 Hee, Kacalo-
Ieecs paUHOHAJbHbIX KOPHEH MHOTOYJIeHa.

Teopema. [Iycth f(x) = anz™ + @n_12™ + -+ - + a1z + ap — MHOTO-
4ieH ¢ uenbiMH KoadduimenTamMu. Ecay HecokpaTiMas ipo6s ( paliMoHanbHoe
YHCJI0) p/q AiBAsieTCS KOPHEM MHorouteHa f(z), To:

Day | q;
2)aq : p.

Caencrane. [lycts f(z) = 2" +an-12" 1+ - -+a12+ap — MHOTOWIEH C
uenniMu Ko3ddutmerramu. Toraa Bee palyoHaNbHble KOPHH MHOrowneHa f(x)
ABJIAIOTCSA LEJLMH H SIBAAIOTCS JeJHUTENSMH CBOGOAHOTO WIEeHa ag.

OTH TeopeMbl ABJAIOTCS OYEHb MOJE3HHIMH TIPH BHINOJIHEHHH HEKOTOPHIX
3amaHui yacTH B 4 yacTu C, HX HCIOIb30BaHHe CYIECTBEHHO 9KOHOMHT BpeMst
pelueHust.

Mpumep 1. Hafitu vennie kopuu ypasHenns z* + 322 + 22 — 3z -2 = 0.

Pemesnne. ITo ciencTsHIo Lies1ble KOPHH HaXOAATCS CPEAH AeJIHTEIeH CBO-
6onHoro uneHa: +1; +2. [TpoBepsieM o cxeme fopHepa KaXKnoe ¥3 THX YHCEL.

13 -3 | -2
1 114 65 2 0 KOpeHb
1 1156110 12 He KOpeHb (He KPaTHHIA KOpeHb)
-1 1113 2 0 KOpeHb
-1}11}12/(0 KOpeHb {KpaTHOCTH 2)

st +323 + 22 -3z-2=(z - 1)(z + 1)*(z + 2).
JlanHnoe ypaBHeHHe HMeeT 3 KOpHs: 1; —1; —2, npuuem —1 — KopeHb KpaT-
HOCTH 2.
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Kparxmii reopernveckrs cripaBoyHHK

Mpumep 2. Peunrs ypasHenue 6z* + 17z + 2022 + 14z + 3 = 0.
Pewenue. [1o TeopeMe Bce palHOHANbHBIE KOPHH YPABHEHHS HAXOLATCS

CpeH uHcen g, rne6:q, 3:p.

Heaurenn 3: £1; £3.
Hemurenu 6: +1; +2; +3; 16.

Umncna puaa §: +1; il; :!:l; :hl +3; ié.

3’ =g 2
BHauM, 4TO KOPHAMH MOTYT OLITH JIHIUL OTPHLATeNbHBIE UHCHA. [ToaTomy
npoBepseM YHcJIa: —1; —%; —-;-; —%; -3; _%,

6 { 17 | 20 | 14 3
-1 ({6} 11 9 5 —2 | He KopeHb

6 | 14 | 13 5 He KOpeHb

W= | D=

6 |15 | 15 9 0 KOpeHb

JlaHHO€e ypaBHeHHe SKBHBAJEHTHO (:1: + %) (623 + 15z% + 152+ 9) = 0.

a:1=——%; 223 + 522 + 5+ 3 =0.

Heaurenu 3: £1; +3.
Hemureny 2: +1; 2.

Uycna Buna £: +1; :I:l; +3; :l:g-.
q 2 2
Kopaamn MoryT GhITh JIHIIb OTPHLATENbHEIE YHCJIA, IPHIEM —1 H —% He

SIBJISAIOTCA KOPHAMH (IIPOBEPHIIH BhiLLE).

[TpoBepsiem uncaa —3; — é.

2
2 5 5 3
-3 [ 2| -1 ] 8 ] —21 | HeKopeHb

—-% 2 2 2 0 KOpeHb




§ 8. Ypasrenuns 19

JlaHHOe ypaBHEHHE IKBUBANCHTHO (a: + g) (222 422+2) =0, z3 = -—%,
z? + z + 1 = 0 — KopHef HeT.
1 3

Ortsert: —-3-; —-*2-

§ 8. ¥YpaBHenus

YpaBHERHS C OAHHM HEH3BECTHBIM

Hanomuum, uto B cooTBeTcTBUH ¢ [1], ypasHernuem HaskiBaercs paBeH~
CTBO, COfiepKalilee HEH3BECTHOE, 0603Hayaemoe GykBofi. Tloab3ysach nousTH-
eM (yHKLMH, MOXHO CKa3aTh, YTO ypasHerue (C OHUM HEH3BECTHBIM) — 3T0
napa GbyHkiHA OT OfHOH M TOH Xe nepeMeHHOH T, COEAMHEHHBIX 3HAKOM pa-
BEHCTBa:

f(z) = g(z).

Obaacmuro donycmumoix 3nadenud (O/]3) nanHOTO ypaBHEHHS Ha3bl-

BaeTcA nepeceyeHye 06acT onpeenenus byHkuun f(z) u g(z):
D(f) N D(g).

Uncao a HasniBaeTcs KOpHem (UAu pelteriem) JAHHOTO YPABHEHHUS, €CJIH
[PH NOACTAHOBKE B YPaBHEHHE BMECTO KaXKIOT0 BXOXKIIEHHS T 4YHCJ/Ia @ ypaB-
HeHHe 06pallaeTcs B BEPHOE YHCIOBOE paBeHCTBO: f(a) = g(a).

CyliecTBYIOT SKBHBAJIEHTHbIE OTIPEJeNIeH!s KOPHA YPABHEHHSI B KOTOPRIX
TpeGyioT NpHHaAIexXHOCTb Ykcna a OJ13 ucxonHoro ypaBHeHHS.

Pewiumeo ypasHenue — 3TO 3HAYHT HalTH BCe ero KOPHH HJIH J0Ka3aTh,
YTO JIAHHOE YpaBHeHHe KOpHeH He HMeeT. OTMETHM, UTO eCJIH Mbl HAILUJTH TTOf~
60pOM KaKHe-TO KOPHHM YPaBHEHHS H HOKa3aJlH, 4TO IPYTHX KOpPHeH y JaHHOTO
yPaBHEHHS ObITH HE MOXKET, TO TEM CAMbIM Mbl YDaBHEHHE PELIHJIH,

JlBa ypaBHEHHS Ha3bIBAIOTCS PABHOCUALHBIML, €CJIH MHOXKECTBA HX KOp-
Hefl coBnazaioT. YpaBHeHHe A siBsisieTcs cAedcmauem ypaBHeHus B, ec/H Bce
KOPHH ypaBHeHHs B fBARIOTCS KOPHAME ypaBHeHHs A (HO, GhITh MOXeT, CpefiH
KOpHeli ypaBHeHHst A eCTb TaKHe, KOTODhIe He ABJSIOTCS KOpHAMH B).

[Tpeo6pa3oBaHue ypaBHEeHHs! HA3LIBAECTCS PABROCUALHOLA, €CJTH Ipeobpa~-
3yeMoe YpaBHeHHE PABHOCHIILHO HCXOMHOMY. '

/. Ecaii npu pellieHAY ypaBHEHHS BBl NPOH3BOAMJH JHIIbL PABHOCH/IbLHREIE
npeoGpa3oBaHHs, TO A1 HANAEHHRIX KOPHEH HeT HyX/Ibl eJ1aTh [TPOBEPKY.

2. Ecy 8o vauwmm OJ13 u B npenesax OJ13 npoH3BoAHIH PaBHOCH/IbHEIE
npeo6pa3oBaHKs ypaBHEHH, TO IPOBEPKY TaKXKe 1eJ1aTh He HYXXHO, HO Heo6-
XOIUMO BBISICHHTB, BXOZAT JIH HalineHHsle Kopuk B O13.






